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Abstract 



We investigate the Wightnian function, the vacuum expectation values of the field squared and 
the energy-momentum tensor for a massive scalar field with general curvature coupling parameter 
subject to Robin boundary conditions on two codimension one parallel branes located on (D + f )- 
dimensional background spacetime AdSoi+i x S with a warped internal space S. The general case 
of different Robin coefRcients on separate branes is considered. Unlike to the purely AdS bulk, the 
vacuum expectation values induced by a single brane, in addition to the distance from the brane, 
Qj '' depends also on the position of the brane in the bulk. The brane induced parts in these expectation 

, values vanish when the brane position tends to the AdS horizon or AdS boundary. For strong 

gravitational fields corresponding to large values of the AdS energy scale, the both single brane 
and interference parts of the expectation values integrated over the internal space are exponentially 
suppressed. An application to the higher dimensional generalization of the Randall-Sundrum brane 
model with arbitrary mass terms on the branes is discussed. For large distances between the branes 
' the induced surface densities give rise to an exponentially suppressed cosmological constant on the 

^"T ' brane. 
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PACS numbers: 04.62.+V, ll.lO.Kk, 04.50. +h 

o 

> 

X 

5t , The braneworld scenario provides an interesting alternative to the standard Kaluza-Klein compact- 

ification of the extra dimensions. The simplest phenomenological models describing such a scenario 
are the five-dimensional Randall-Sundrum type braneworld models (for a review see [1]). From the 
point of view of embedding these models into a more fundamental theory, such as string/M-theory, 
one may expect that a more complete version of the scenario must admit the presence of additional 
extra dimensions compactified on an internal manifold. From a phenomenological point of view, the 
consideration of more general spacetimes offer a richer geometrical structure and may provide inter- 
esting extensions of the Randall-Sundrum mechanism for the geometric origin of the hierarchy. More 
extra dimensions also relax the fine-tunings of the fundamental parameters. These models can pro- 
vide a framework in the context of which the stabilization of the radion field naturally takes place. 
In addition, a richer topological structure of the field configuration in transverse space provides the 
possibility of more realistic spectrum of chiral fermions localized on the brane. Several variants of the 
Randall-Sundrum scenario involving cosmic strings and other global defects of various codimensions 
have been investigated in higher dimensions (see, for instance, [2] and references therein). 
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Motivated by the problems of the radion stabihzation and the generation of cosmological constant, 
the role of quantum effects in braneworlds has attracted great deal of attention [3]-[17|. A class of 
higher dimensional models with the topology AdS^i^+i x S, where E is a one-parameter compact 
manifold, and with two branes of codimension one located at the orbifold fixed points, is considered 
in Refs. |25l I26j . In both cases of the warped and unwarped internal manifold, the quantum effective 
potential induced by bulk scalar fields is evaluated and it has been shown that this potential can sta- 
bilize the hierarchy between the Planck and electroweak scales without fine tuning. In addition to the 
effective potential, the investigation of local physical characteristics in these models is of considerable 
interest. Local quantities contain more information on the vacuum fluctuations than the global ones 
and play an important role in modelling a self-consistent dynamics involving the gravitational field. 
In papers [391 [40l [41] we have studied the bulk and surface Casimir densities for a scalar field with an 
arbitrary curvature coupling parameter obeying Robin boundary conditions on two codimension one 
parallel branes embedded in the background spacetime AdS/j^+i x S with a warped internal space S. 
For an arbitrary internal space S, the application of the generalized Abel-Plana formula [H] allowed 
us to extract form the vacuum expectation values the part due to the bulk without branes and to 
present the brane induced parts in terms of exponentially convergent integrals for the points away 
from the branes. In the present paper we review these results. 

The paper is organized as follows. In the next section we evaluate the Wightman function in the 
region between the branes. By using the generalized Abel-Plana formula, we present this function in 
the form of a sum of the Wightman function for the bulk without boundaries and boundary induced 
parts. The vacuum expectation value of the bulk energy-momentum tensor for a general case of the 
internal space S is discussed in section [3l The interaction forces between the branes are discussed in 
section [H The surface Casimir densities and the energy balance are considered in section [5l The last 
section contains a summary of the work. 

2 Wightman function 

For a free scalar field (p{x) with curvature coupling parameter ( the equation of motion has the form 

{9''''VmVn + m^ + CR) ^(x) = 0, (1) 

where M, N = 0,1, . . . , D, and R is the scalar curvature. We will assume that the background space- 
time has a topology AdS^i+i x S, where S is a Z)2-dimensional compact manifold. The corresponding 
line element has the form 

ds'^ = QMNdx^Ux^ = e-^''°yr]^^dx''dx'' - e-'^^^^-fijdX'dX^ - dy^, (2) 

with rjfj^i, = diag(l, — 1, . . . , — 1) being the metric for the L'l-dimensional Minkowski spacetime 
and the coordinates X^ cover the manifold S, D = Di -|- D2. Here and below = 0,1, . . . , Di — 1 
and i,j = 1, . . . , -D2- The scalar curvature for the metric tensor from ^ is given by the expression 
R = —D{D + l)k'jy — e^'^^^i2(^), where is the scalar curvature for the metric tensor 7jfc. In the 
discussion below, in addition to the coordinate y we will use the radial coordinate z defined by the 
relation z = e'^^^/Zc/j. In terms of the coordinate z, the metric tensor is conformally related to the 
metric of the direct product space i?^^^'^) x S by the conformal factor {k£)z)~'^. 

Our main interest in this paper will be the Wightman function and the vacuum expectation values 
(VEVs) of the field squared and the energy-momentum tensor induced by two infinite parallel branes 
of codimension one with the coordinates y = a and y = b, a < b. We will assume that on this branes 
the scalar field obeys the boundary conditions 

{Aj + Bjdy)ip{x) =0, y = j,j = a,b, (3) 
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with constant coefficients Aj , Bj . In tlie orbifolded version of the model which corresponds to a higher 
dimensional Randall- Sundrum braneworld these coefficients are expressed in terms of the surface mass 
parameters and the curvature coupling of the scalar field. In quantum field theory the imposition of 
boundary conditions modifies the spectrum for the zero-point fluctuations and as a result the VEVs 
for physical observables are changed. These effects can either stabilize or destabilize the branewolds 
and have to be taken into account in the self-consistent formulation of the braneworld dynamics. 

As a first stage in the investigations of local quantum effects, we will consider the positive fre- 
quency Wightman function defined as the expectation value G~^{x, x') = {{)\(p{x)ip{x')\Q). In the region 
between the branes, a < y < b, the Wightman function is presented as the mode-sum: 



oo 



V 1= (4) 



where x = {x^ ,x^ , . . . , x^'^ ^) represents the spatial coordinates in R^^"^ '^'^\ Ax = x — x', rj = zi,/ Za 
and 



hf3u{u) = ug^{u,uz/za)gu{u,uz' /Za) I =, (5) 

^u^/zl + k^ + Xl 

g,{u,v) = Uv)Yy\u) - ji'^\u)Y,{v), v = ^{D/lf - D{D + 1)C + mykl, (6) 

with k = |k|, At = t — t', Zj = e^^^ /kf), j = a, b, Ju{x), Yy{x) are the Bessel and Neumann functions. 
In formula ([U]), for a given function F{x) we use the notation 

F^^\x) = AjF{x) + BjxF'{x), Aj = Aj + BjkoD/l, Bj = Bjko, j = a, b. (7) 

In the discussion below we will assume values of the curvature coupling parameter for which i' is 
real. For imaginary the ground state becomes unstable [49j. In (jl]), the modes 'ipi3{X) are the 
eigenfunctions for the operator A(^) + CR{-j)- 

[A(^) + Ci2(-,)] MX) = -)^}MX), I d^'X ^MXWp'{X) = (8) 

with eigenvalues X'^, and A(^) is the Laplace-Beltrami operator for the metric 'jij. From the boundary 
condition on the branes we receive that the eigenvalues ju,n have to be solutions to the equation 

9i'"'Hlu,n,mu,n) ^ 4"^(7.,n)i;^'')(r?7.,n) " ^j") (7.,n) 4'^ (??7.,n) = 0. (9) 

This equation determines the tower of radial Kaluza-Klein (KK) masses. 

Applying to the sum over n in ([5]) a variant of the generalized Abel-Plana formula [48], the 
Wightman function is presented in two equivalent forms (j = a, b) 



G+{x,x') 



G+{x, x') + {ip{xMx'))(^^ - ''Ij^^'S!' T.Mx)mx' 



2Di-ivr£'i 

/3 



^j^gikAx / duuGi^\uZa,Uz)G^J\uZa,Uz') 
^}ju{uZa,UZb) 



cosh(Ai./n2 - A;2 - A^), (10) 
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where luiu) and K^{u) are the modified Bessel functions and 



Gi^\u,v) = h{v)Kii\u) - nj\u)K,{v), j = a,b. 



In dlU]), the term 



X / duu — J^{uz)Jy{uz'), (12) 

Jo Ju^ + A;2 + a2 

does not depend on the boundary conditions and is the Wightman function for the ^dS^i+i x S 
spacetime without branes. The second term on the right of Eq. (jlOp is given by the formula 

ikAx 



f3 



f°° , &HuZa) Ky{uz)Ky{uz') I— — 7^. 

X I duu — = cosrtAt./n^ - fc^ - A^), (13) 

Ki''\uza) ^u^-k^-xi ^ P> y > 

for j = a, and the expression for {if{x)(f{x'))^^^ is obtained from psp by the replacements a ^ b, 
ly ^ Ky. The term {ip{x)Lp{x'))^^^ does not depend on the parameters of the brane at z = zji, j' ^ j, 
and is induced by a single brane at z = zj when the boundary z = Zji is absent. In the same way 
described above for the Wightman function, any other two-point function can be evaluated. Note that 
the expression for the Wightman function is not symmetric with respect to the interchange of the 
brane indices. The reason for this is that the boundaries have nonzero extrinsic curvature tensors and 
two sides of the boundaries are not equivalent. In particular, for the geometry of a single brane the 
VEVs are different for the regions on the left and on the right of the brane. In the region y < a the 
Wightman has the form G~^{x,x') = Gq{x,x') + {(p{x)ip{x'))^"'\ where the expression for the second 
term on the right hand-side is obtained from (jlSp by the replacement lu ^ Ki,. Similarly, for the 
Wightman function in the region y > b one has G^{x,x') = Gq{x,x') + {(p{x)Lp{x'))^^\ where the 
second term is given by formula (jl3p replacing a ^ b. 

In the higher dimensional generalization of the Randall- Sundrum braneworld based on the bulk 
AdSoi+i X S the Wightman function for untwisted scalar is given by formula (llOp with an additional 
factor 1/2 and with Robin coefficients 

Aa/Ba = -Ca/2 - IDCko, Ab/Bb = Cb/2 - 2DQkD2. (14) 

For twisted scalar field Dirichlet boundary conditions are obtained. The one-loop effective potential 
and the problem of moduli stabilization in this model with zero mass parameters Cj are discussed in 
Ref. [25]. 
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3 Vacuum energy- momentum tensor 



The VEV of the energy-momentum tensor can be evaluated by substituting the Wightman function 
and the VEV of the field squared into the formula 



{0\Tmn\0) = lim dMd'j^G+{x,x') + 



C - ^ ) ^MivViV^ - CVmVat - CRain 



(Olvp^lO), (15) 



where Rmn is the Ricci tensor. Substituting the expression for the Wightman function into this 
formula, for the components of the vacuum energy-momentum tensor in the region between the branes 
we obtain the formula 



■^\(o) I /TiY\{i) 



(4^)^i/2r(Di/2) 



X / duu{u^ - Xl) 2 ^Qj,y{uZa,uzh)F^'^j^[Gi^\uzj,uz)], 
with the functions Pj^']^^ [g{v)], g{v) = Gu \uzj,v), defined by the relations 



(16) 



Fl^V'^igiv)] = (^\-CyViv)MX) + l[-v'g'\v) 

+D{AC - l)vg{v)g'{v) + (2mV4 - ± v^) g\v)], 
for the components in the AdS part, and by the relations 

FisD'iaiv)] = 'fz\l-AC)F[g{v)]4{X), 

F^^%iv)] = -V(.)^^ + ^^f(l-4C).|;F[,(.)], 



(17) 

(18) 

(19) 
(20) 



with t0-{X) = —'^^hpii{X), for the components having indices in the internal space. In these expres- 



sions we use the following notations 

F[g{v)] = vg{v)g'{v) + \(D + ^^^g\v\ 



\Mx 

tMX) = V(^),V/3(^)V(^)fcV;(^) + 



(21) 
(22) 

(23) 



where V(^)j is the covariant derivative operator associated with the metric tensor -fik- 
In formula (1161). 



(47r)^ 



D 
~2 



\MX)? duu{u' + A2)^-iF(;f [J.(uz)], (24) 
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is the VEV for the energy- momentum tensor in the background without branes, and the term (Tj^)^^^ 
is induced by a single brane at z = zj. For the left brane one has 

(47r) — r(^)V -^^^ Ky{uza) 

and the corresponding expression for the right brane is obtained by the replacements a ^ b, 1^ ^ K^. 
Unlike to the case of purely AdS bulk, here the VEVs for a single brane in addition to the distance 
from the brane depend also on the position of the brane in the bulk. In the limit when the AdS 
curvature radius tends to infinity we derive the formula for the vacuum energy-momentum tensor for 
parallel plates on the background spacetime with topology R^^^'^^ x S. In this limit for a homogeneous 
internal space ^-component of the brane induced part in the VEV of the energy-momentum tensor 
vanishes. 

The features of the single brane parts in the VEVs in the asymptotic regions of the parameters are 
as follows. For the points on the brane the vacuum energy-momentum tensor diverges. Near the brane 
the total vacuum energy-momentum tensor is dominated by the brane induced part and has opposite 
signs for Dirichlet and non-Dirichlet boundary conditions. Near the brane ^- and ^-components of 
this tensor have opposite signs in the regions y < a and y > a. For large distances from the brane 
in the region y > a the contribution of a given mode along S with nonzero KK mass is suppressed 
by the factor e"^'^'^^. For the zero mode the brane induced VEV near the AdS horizon behaves as 
^D2-2u ^ In the purely AdS bulk {D2 = 0) this VEV vanishes on the horizon for > 0. For an internal 
spaces with D2 > 2v the VEV diverges on the horizon. The VEV integrated over the internal space 
vanishes on the AdS horizon for all values D2 due to the additional warp factor coming from the 
volume element. For the points near the AdS boundary, the brane induced VEV vanishes as z^'^'^'^ 
for diagonal components and as z^^'^'^'^'^ for the ^^-component. For small values of the length scale 
for the internal space, the contribution of nonzero KK masses is exponentially suppressed and the 
main contribution into the brane induced energy-momentum tensor comes from the zero mode. In the 
opposite limit, when the length scale of the internal space is large, to the leading order the vacuum 
energy-momentum tensor reduces to the corresponding result for a brane in the bulk AdSD+i given 
in Ref. [36j. For strong gravitational fields corresponding to small values of the AdS curvature radius, 
the contribution from nonzero KK modes along S is suppressed by the factor Q-'^^i3\z-^a\ _ Yoi the 
zero KK mode the components of the brane induced vacuum energy-momentum tensor behave like 
A:^i+^e^2fcc?/exp[(L>i + 2u)kn{y - a)] in the region y < a and like fc^^+^e^^fccy exp[2i/A;D(a - y)] in 
the region y > a. The corresponding quantities integrated over the internal space contain additional 
factor e~^'^^'^y coming from the volume element and are exponentially small in both regions. For 
fixed values of the other parameters, the brane induced VEV in the region y > a vanishes as z'^'^ when 
the brane position tends to the AdS boundary. When the brane position tends to the AdS horizon, 
2:^ ^ 00, for massive KK modes along E the VEV of the energy-momentum tensor in the region z < Za 
is suppressed by the factor For the zero mode in the same limit the suppression is power-law 

with respect to Za- 

For the geometry of two branes, the VEV in the region between the branes is presented as 

(OlTi^lO) = (ri^)W + (ri^)(^-) + {Tj^,)^^'\ (26) 

j=a,b 

with separated boundary- free, single branes and interference parts. The latter is finite everywhere 
including the points on the branes. The surface divergences are contained in the single brane parts 
only. The both single brane and interference parts separately satisfy the continuity equation and are 
traceless for a conformally coupled massless scalar. The possible trace anomalies are contained in the 
boundary-free parts. In the limit ki) ^ we derive the corresponding results for two parallel Robin 



6 



plates in the bulk R^^''-'^^ x S. For small values of the length scale of the internal space corresponding 
to large KK masses, the interference part in the VEV of the energy-momentum tensor is suppressed 
by the factor e"^^''^^''"^''^ The interference part vanishes as z'^'^ when the left brane tends to the AdS 
boundary. Under the condition z zi, an additional suppression factor appears in the form {z/z},)^^ 
for ^-component and in the form {z / zi,)^^^'^'^'^ for the other components, where ai = min(l,z^). 



4 Interaction forces 

Now we turn to the investigations of the vacuum forces acting on the branes. The corresponding 
effective pressure p^^^ acting on the brane at 2: = zj is determined by |^-component of the vacuum 
energy-momentum tensor evaluated at the point of the brane location: p^^') = —I^T£) z=zy For the 

region between two branes it can be presented as a sum of two terms: p'--'^ = p^"'^ +P(int)' ~ 

The first term is the pressure for a single brane at z = Zj when the second brane is absent. This term 

is divergent due to the surface divergences in the VEVs and needs additional renormalization. This 

can be done, for example, by applying the generalized zeta function technique to the corresponding 

(7) 

mode-sum. Below we will be concentrated on the term p)- This term is the additional vacuum 

■^(mt) 

pressure induced by the presence of the second brane, and can be termed as an interaction force. It 



is determined by the last term on the right of formulae (jl6p evaluated at the brane location z = Zj. 
It is finite for all nonzero interbrane distances and is not changed by the renormalization procedure. 
Substituting z = Zj into the second term on the right of formula (I16p . for the interaction part of the 
vacuum effective pressure one finds 

^'(int) = 1 \, E \MX^\' / duu{u' - Xl)^~'n,,{uZa,uz,)Fl,^\uz,), (27) 

where we have introduced the notation 

fI^\u) = {u^ -iy^ + 2m^/kl) B] - D{4C - l)AjBj -A]-2{C- 1/4) z]B]7]^{X). (28) 

For small interbrane distances the interaction part dominates the single brane parts. For a Dirichlet 

scalar nj^{uza,uzb) > and the vacuum interaction forces are attractive. For a given value of the 

AdS energy scale ko and one parameter manifold S with size L, the vacuum interaction forces (127p 

are functions on the ratios zt,/za and L/za- The first ratio is related to the proper distance between 

the branes and the second one is the ratio of the size of the internal space measured by an observer 

—1 (?) 

residing on the brane at y = a to the AdS curvature radius . The quantity determines the 
force by which the scalar vacuum acts on the brane due to the modification of the spectrum for the 
zero-point fiuctuations by the presence of the second brane. As the vacuum properties depend on the 
coordinate y, there is no a priori reason for the interaction terms to be equal for the branes j = a 
and j = b, and the corresponding forces in general are different even in the case of the same Robin 
coefficients in the boundary conditions. 

Taking the limit A;/) — > we obtain the result for the interaction forces between two Robin plates 
in the bulk x S. In this case, for a homogeneous internal space the interaction forces are 

the same even in the case of different Robin coefficients for separate branes. For the modes along S 
with large KK masses, the interaction forces are exponentially small. In particular, for sufficiently 
small length scales of the internal space this is the case for all nonzero KK modes and the main 
contribution to the interaction forces comes from the zero mode. For small interbrane distances, 
the interaction forces are repulsive for Dirichlet boundary condition on one brane and non-Dirichlet 
boundary condition on the another and are attractive for other cases. For small interbrane distances 
the contribution of the interaction term dominates the single brane parts, and the same is the case 
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for the total vacuum forces acting on the branes. When the right brane tends to the AdS horizon, 
Zb — > oo, the interaction force acting on the left brane vanishes as e~^'^''^*'/z^^'^^ for the nonzero KK 
mode and like z^^^~'^'^ for the zero mode. In the same limit the corresponding force acting on the 

right brane behaves as zj^^'^^^^'^^^ e~'^'^i^^'' for the nonzero KK mode and like z^'^~'^'^ for the zero mode. 
In the limit when the left brane tends to the AdS boundary the contribution of a given KK mode into 
the vacuum interaction force vanishes as z^^'^'^ and as z"^ for the left and right branes, respectively. 
For small values of the AdS curvature radius corresponding to strong gravitational fields, under the 
conditions XpZa ^ 1 and \p{zb — Za) S> 1, the contribution to the interaction forces is suppressed 
by the factor e^'^'^^^^^^^°-\ For the zero KK mode, the corresponding interaction forces integrated 
over the internal space behave as A;^^^^ exp[(Di(5" + 2i')k£){cL — b)] for the brane at y = j and are 
exponentially small. In the model without the internal space the suppression is relatively weaker. 



5 Surface energy- momentum tensor 

On manifolds with boundaries the energy-momentum tensor in addition to the bulk part contains 
a contribution located on the boundary. For an arbitrary smooth boundary dM with the inward- 
pointing unit normal vector n^, the surface part of the energy- momentum tensor for a scalar field is 
given by the formula [50j r^/^ = S{x] dM)TMN-, where the 'one-sided' delta-function 5{x; dM) locates 
this tensor on dM and 

TMN = Cf'^KMN - (2C - l/2)/iMiV¥^n^VL99. (29) 

In this formula, Hmn is the induced metric on the boundary and Kmn is the corresponding extrinsic 
curvature tensor. From the point of view of physics on the brane at y = j, Eq. ()29p corresponds 



to the gravitational source of the cosmological constant type with the surface energy density = 
{0\4^^^\0) (surface energy per unit physical volume on the brane at y = j or brane tension), stress 
p^^^ = — (0|t-["''*^|0), and the equation of state e^J'^ = —pf^- It is noteworthy that this relation takes 
place for both subspaces on the brane. 

For two-brane geometry the VEV of the surface energy density on the brane at y = j is presented 

(s) (s) (s) 

as the sum Sj = e\ - + Ae^ . The first term on the right is the energy density induced on a single 
brane when the second brane is absent. This part is evaluated in |41j by using the generalized zeta 
function method. The second term is induced by the presence of the second brane and is given by the 
formula 

?2 



^4 = (4^)i^i/2r(L,/2) ^ A. " ^^)^ %-(^^-nz,), (30) 



with the notation Cj = C — (2(^ — 1/2) Aj /(k£)Bj). As we consider the region a ^ y ^ b, the energy 

(s) 

density is located on the surface y = a + for the left brane and on the surface y = 6 — for the 
right brane. The energy densities on the surfaces y = a — and y = 6 + are the same as for the 
corresponding single brane geometry. For an observer living on the brane at y = j the corresponding 
effective Di-dimensional cosmological constant is determined by the relation 

A,,,, = 87rM2-^ie-^2fez,i f d^'^X^Aef, (31) 

J s 



where M^^j is the Di -dimensional effective Planck mass scale for the same observer. In Ref. [41] 
it has been shown that for large distances between the branes the induced surface densities give 
rise to an exponentially suppressed cosmological constant on the brane. In the Randall-Sundrum 
braneworld model, for the interbrane distances solving the hierarchy problem between the gravitational 
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and electroweak mass scales, the cosmological constant generated on the visible brane is of the right 
order of magnitude with the value suggested by the cosmological observations. 

On background of manifolds with boundaries the total vacuum energy is splitted into bulk and 
boundary parts. In the region between two branes the bulk energy per unit coordinate volume in 
the Z^i-dimensional subspace is obtained by the integration of the [j-component of the volume energy- 
momentum tensor over this region: 

^(v) ^ J d^^Xdy y^\{0\Tl^^^°\0). The surface energy per unit 
coordinate volume in the L'l-dimensional subspace, E^^\ is related to the surface densities by the 
formula E^^^ = X]j=a b^^DZj)~^ s^^\ Now it can be seen that the formal relation E = E^'^^ +E^^'^ takes 
place for the unrenormalized VEVs, where 



E 



d 



oo 



(27r 



13 n=l 



(32) 



is the total vacuum energy per unit coordinate volume of the Z?i-dimensional subspace, evaluated 
as the sum of zero-point energies of elementary oscillators. The latter can be presented in the form 
E = 'Ylj=a b + where Ea (Eh) is the vacuum energy for the geometry of a single brane at y = a 
(y = b) in the region y ^ a {y ^b), and the interference term is given by the formula 



E 

/3 



du 



Uiu^ - A2)^l/2-l 



(47r)^i/2r(I?i/2) 



In 



li''\uZa)K^u\uZ,) 



Ki''\uZa)ir{uZb) 



(33) 



The total vacuum energy within the framework of the Randall-Sundrum braneworld is evaluated in 
Refs. [SI El [15] by the dimensional regularization method and in Ref. [TT] by the zeta function 
technique. Refs. [U El [11] consider the case of a minimally coupled scalar field in D = 4, and the 
case of arbitrary ^ and D with zero mass terms Ca and Cb is discussed in Ref. |15j . For the orbifolded 
version of the model under consideration with Di = 4 and zero mass terms on the branes, the vacuum 
energy is investigated in [25] by using the dimensional regularization. The zeta function approach in 
the general case is considered in [41j. 

Now let us check that for the separate parts of the vacuum energy the standard energy balance 
equation takes places. We denote by P the perpendicular vacuum stress on the brane integrated over 
the internal space. This stress is determined by the vacuum expectation value of the |^-component 
of the bulk energy-momentum tensor: p = -/d^2X^(0|rf;^^|0). In the presence of the surface 
energy the energy balance equation is in the form 



dE = -PdV + ^ EfdS^^\ Ef = J d^^X ^ef, 



(34) 



j=a,b 



where V is the {D + l)-volume in the bulk and S^^^ is the D-volume on the brane y = j per unit 
coordinate volume in the Di -dimensional subspace: 



V 



i = a, b. 



(35) 



It can be explicitly checked that the separate parts in the vacuum energies and effective pressures on 
the branes obey the equation (p4|) . 



6 Conclusion 



From the point of view of embedding the braneworld model into a more fundamental theory one may 
expect that a more complete version of this scenario must admit the presence of additional extra 
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dimensions compactified on a manifold S. In the present paper we have considered the local vacuum 
effects in the braneworlds with the AdS bulk on a higher dimensional brane models which combine 
both the compact and warped geometries. This problem is also of separate interest as an example with 
gravitational, topological, and boundary polarizations of the vacuum, where one-loop calculations can 
be performed in closed form. We have investigated the Wightman function and the bulk and surface 
Casimir densities for a scalar field with an arbitrary curvature coupling parameter satisfying Robin 
boundary conditions on two parallel branes in AdS^i+i x S spacetime. In the region between the 
branes the KK modes corresponding to the radial direction are zeros of a combination of the cylinder 
functions. The application of the generalized Abel-Plana formula to the corresponding mode sum 
allowed us to extract from the VEVs the boundary-free part and to present the brane induced parts in 
terms of integrals rapidly convergent in the coincidence limit of the arguments. We give an application 
of our results to the higher dimensional version of the Randall-Sundrum braneworld with arbitrary 
mass terms on the branes. For the untwisted scalar the Robin coefficients are expressed through these 
mass terms and the curvature coupling parameter by formulae (I14p . For the twisted scalar Dirichlet 
boundary conditions are obtained on both branes. 

In the model under discussion the hierarchy between the fundamental Planck scale and the effective 
Planck scale in the brane universe is generated by the combination of redshift and large volume effects. 
For large interbrane separations the corresponding effective Newton's constant on the brane at y = b 
is exponentially small. This mechanism also allows obtaining a naturally small cosmological constant 
generated by the vacuum quantum fiuctuations of a bulk scalar. In [41j we have considered two classes 
of models with the compactification scale on the visible brane close to the fundamental Planck scale. 
For the first one the higher dimensional Planck mass and the AdS inverse radius are of the same order 
and in the second one a separation between these scales is assumed. In both cases the corresponding 
interbrane distances generating the hierarchy between the electroweak and Planck scales are smaller 
than those for the model without an internal space and the required suppression of the cosmological 
constant is obtained without fine tuning. 
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